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REGULAR POINTS FOR ERGODIC SINAI MEASURES

MASATO TSUJII

ABSTRACT. Ergodic properties of smooth dynamical systems are considered. A
point is called regular for an ergodic measure u if it is generic for 4 and the
Lyapunov exponents at it coincide with those of . We show that an ergodic
measure with no zero Lyapunov exponent is absolutely continuous with respect
to unstable foliation [L] if and only if the set of all points which are regular for
it has positive Lebesgue measure.

1. INTRODUCTION

We consider a dynamical system generated by a C? diffeomorphism f on a
closed C* manifold M . It is well known that the behavior of the points on M
under the action of f is very complicated and chaotic in general and, some-
times, the orbits seem to be distributed in random way. This fact naturally leads
us to the study of invariant probability measures which describe the asymptotic
distribution of the orbits. Especially, we are interested in the (ergodic) measures
which have attracting properties, that is, which describe the asymptotic distri-
bution of the orbit for initial value sets with positive Lebesgue measure, because
they will be observed in numerical experiments or some physical systems. The
most important object in this direction is the class of measures which are called
Sinai measures: invariant probability measures with no zero exponent which are
absolutely continuous with respect to the unstable foliation (see [L] or §4 of this
article). Ergodic Sinai measures are one generalization of the Gibbs measures
on Axiom A attractors [B]. Ruelle discussed the importance of these measures
in [R2], and Ledrappier studied their ergodic properties (Bernoulli property,
variational relation for entropy, etc.) extensively in [L]. An important property
of these ergodic measures is the fact that the set of generic points for each of
them has positive Lebesgue measure [L]. Then it is natural for us to ask the
question whether this attracting property characterizes ergodic Sinai measures
among ergodic measures with no zero exponent. In fact, it turns out to be false.
But we show, in this paper, that a littler stronger attracting property characterize
ergodic Sinai measures.

Let us call a point x € M is regular for an ergodic measure u_ if the
following properties hold:
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FIGURE 1

(R1) x is generic for u_, i.e., the sequence of measures (1/n) E:ol Isin)
converges toward 4, in the sense of weak topology.

(R2) The (Lyapunov) exponents [O] at x coincide with those of u_ (the
U, -almost everywhere constant exponents).

The condition (R1) clearly means that the asymptotic distribution of the
orbit f'(x), i =0,1,2,..., is described by #, and the second condition
(R2) means that the asymptotic behavior of df on the tangent spaces along the
orbit is regulated by u (cf. [O]). We show the following theorems.

Theorem A. An ergodic measure u with no zero exponent is an ergodic Sinai
measure (i.e. absolutely continuous with respect to the unstable foliation) if and
only if the set of all points which are regular for i has positive Lebesgue measure.

Theorem B. Let % be the set of all points which are regular for ergodic measures
with no zero exponent, then almost every point in % (w.r.t. Lebesgue measure)
is regular for ergodic Sinai measures.

Remark that if we replace the condition ‘regular’ by ‘generic’, then either
of the theorems is not true. The following simple but singular example shows
that there exists, in general, no relation between the property of an invariant
measure itself and positivity of the Lebesgue measure of the generic points for
1t.

Example. Let us consider a diffeomorphism on a sphere with a hyperbolic fixed
point p of saddle type. Suppose that the stable manifold of p coincides with
its unstable manifold (Figure 1) and |detdf,| < 1. Then every point sufficiently
close to the stable manifold is generic for the point measure at the saddle point
p , which is not a Sinai measure.

In the case when we remove the condition ‘ergodic,” we get the following
characterization of Sinai measures.

Theorem C. For an invariant measure | with no zero exponent, the following
conditions are equivalent:

(1) u is absolutely continuous with respect to the unstable foliation.

(2) For any Borel set X with u(X) > 0, the strongly stable set of X,
W (X) = {y € M|limsup,_,,_(1/n)logd(f"x, f"y) < 0 for some x € X},
has positive Lebesgue measure.
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In the course of the proof, we can get the following description for the sup-
ports of ergodic Sinai measures. This result is interesting when we compare
it with some results of numerical experiments in which we can find ‘strange
attractors’ on the closure of the unstable manifold of a hyperbolic fixed point.
(See [GH, p. 91] for example.)

Proposition D. For each ergodic Sinai measure 1, there exists a hyperbolic pe-
riodic point p with transversal homoclinic points such that

supp(u) = closure(W“(0(p))) = closure{W"(o(p)) N W (0(p))}

where W*(o(p)) and W"(o(p)) denote the stable and unstable manifold for the
orbit of p, respectively.

This paper proceeds as follows: In §2 and §3, we give some basic estimations
and a little modification of known results in [P], [R1] and [PS]. In §4, we con-
struct ergodic measures for which almost every point in % are regular, and
show that they are ergodic Sinai measures. We prove the main results at the
end of §4.

Before we go into the proof, let us give some remarks on the notations.
We will denote the set of nonnegative integer by Z*. The symbol ¢: X /Y
means that ¢ is a mapping from a subset Z(f) of X to Y. For two mappings
f:X /Y and g:Y /~Z, gof: X / Z denotes the composition of f and
g defined on Z(gof) =D (/)N (Z(g)). When f: X /Y is injective on
Z(f), f~' denotes the inverse map defined on Z (") = f(Z(f)).

The author would like to thank Professor Masahisa Adachi for his warm
encouragment to this work.

2. BASIC ESTIMATIONS

In this section, we collect some preparatory estimations for the behavior of

the diffeomorphism on tangent spaces. We fix a Riemannian metric (-, ), on

M, and denote the corresponding norm and distance by | - ||, and 4(-, "),
respectively. We also fix a positive number ¢ € (0, 10_2) throughout this
paper. First of all, let us introduce subsets A’;, ;, and l"/; , (k€ 77,0 <

x < 107" 1< [) which play important rolls in the study of measures with no
zero exponent (cf. [P1], [P2], [K]): A’;‘, (resp. I'J; ;) 1s the set of all points
X € M at which there exists a decompoéition of tangent space 7, M = Ei @ E;‘
with dim Ef( = k satisfying the following conditions (1), (2) and (3) for every
nel', melZ (resp.every neZ", meZ")

(1) lldf "ull < (I - exp(ex|m|)) - exp(—xn)||ul| for every u € df TE,,

(2) lldf "ol > (/- exp(ex|ml])) " -exp(xn)l|v]| for every v € df T Ey,

3) pix,m)>(- exp(s)(lml))_1 where y(x, m) denote the angle between

df"E and df"E".
Put

<k
x0T

A ={xeMlA((neZ'|f"x e A })>0)
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and
I";,, ={xeM»({neZ'|f"xe 1“';,,}) > 0}
where »'(B) = liminf, __ (1/n) #{Bn{o, 1,2,...,n—1}}. We can see the

following properties of the sets Ax /> F’;,, and the decomposition T, M =
Ex ® Ex in their definitions (cf. [P1]).

Lemma 1. (I)Ai’,CFk,andAk,CAk,,l'k CI'J( for 1<,
(2) FIAL DUFTNAL ) CA oo andfr" cr" Lrexpln) -
(3) A’; , and l"k .| are compact sets.

(4) On each Ax |» the subspaces Ef( and E;‘ are uniquely determined and
depend on x contmuously.

(5) On each l"l; |» the subspace Ei is uniquely determined and depends on
X continuously.

The following important lemma is due to Pesin [P1].

Lemma 2. Let y € M be a regular point (resp. forward regular point) in the
sense of Oseledec’s theorem (see [P1] for definitions) and the exponents 4,(y),

i=1,2,...,dimM satisfy, for x €(0,107") and ke Z",
A <AL S <A <=(T+e)x <0< (1 +e)x

(1)
<A ) < S i (V)
then y belongs to Ax,l (resp. 1";,) for some [ > 1.

For the points in the set % , we have the following estimation.

Proposition 3. If a point y € % satzsﬁes (1) for some x and k, then y is
contained in the set |5, l"k,, where y' = (1 —2e)x.

For the proof, we need an elementary lemma.

Lemma 4. For 6 € (0, 1/4), let B be a subset of N satisfying »'(B) > (1 —-62)
and let & be the set of all intervals I ={n,n+1, ..., n+k -1} in N which
satisfies (1/k)-#(I — B) > &, then we have »'(N — Uieg ) >1-56.

Proof. Take a large number N so that, for every n > N,
(1/m#{BN{1,2,...,n}}>1-6"

and set

B, ={1ecZ|IC{l,2,...,n}}.

Then we have, for n > N,

(U 1)U{n—[én],n—[én]+1,...,n}3 (U I)n{l,Z,...,n}

Ie%, 1e®
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where [-] is Gauss’s symbol. Choose a sequence of intervals
IL={n,n+1,...,n+k -1} €3,
and
Ji={n—k,n—k;+1,...,n+2k —1},
i=1,2,...,i(n) inductively so that /, has the maximal length among the

intervals in %, which are not completely contained in U;: J; and (Uj.(:; J;)>
(Ujeq I) - Since the intervals /; are disjoint each other, we have

i(n) i(n)
#l U1 <# U.Jj)§3-# U1, | <306n].
1€%, j=1 j=1

Therefore #({1,2,...,n}N(Ujegl) <46n+1for n>N. O

Proof of Proposition 3. From the condition (R2), we can see that the point y
is a forward regular point (cf. [O]) and, from Lemma 2, y € F’; ; for some
[ > 1. Let us fix a decomposition TyM = E; ® E}'f in the definition of l"l; /s
and define functions p°, p*, p’, I, [* and I’: Z" — R by

p'(m) = sup {df |zl - exp((1 — 26)2K)},
€Z+ y

() = sup {1df ™" |ypmo gy |- exp((1 = 202K}
A vy

p’(n) = (angle between df "E, and df "E,))

and

U(n) = sup{p’(n+k)-exp(—e(1-2e)xk)},  j=s,u,7.
keZ*

Then we have, for R> 1,
{n€Z'|f"(y) €Ty g} D {n € Z'|max(I'(n), I"(n), I'(n)) < R}.

In order to prove the proposition, we shall show, for some large R,
(2) ' ({neZ |’ (n) <R}) >9/10 forj=s,u,y.
Put K = max{|log||df (v)|| — log|v|||| 0 # v € T M,x € M} and 5 =
(1/5)(e(1 — 2¢€)x /2K )2 . From Lemma 2 and Oseledec’s theorem [O] we have
1, (U A';’ ;) = 1 and, therefore, we can take a number r > 1 so that ,uy(A’;’,) >
1- 712.

Let us consider the Grassmannian bundle Gk(M ) over M which consists

of k-dimensional subspaces of tangent spaces, and take a neighborhood U of

the compact set (U, ., Ef‘) C Gk(M ) sufficiently small so that every tangent
X T

vector u in E € U satisfies

ldf "ull < 2r -exp(—xn)|lull  for 0 < n < 2N,
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where N, = [(log2r)(sx)_l] + 1. From the condition (R2), we can see that
»'({n € Nldf"(E}) € U}) > 1 —n. Next we shall show that, if p’(n) >
exp(4K'N;) , then there exists p € N such that
(1/pNyy#({i e Z*|df '(E}) e Uy n{n, n+1, ..., n+pNy—1})
<1l-(ex/2K)< 1 —n.
By assumption, there exist a number k =p-N,+q >0, (p,q € 7', q< Ny)
and a tangent vector 0 # u € df "E, for which we have
k
lldf " ull > exp(4K N,) - exp(—(1 — 2&)xk)||u] .
For 0<i<p, set
P, =1 if there exists a number m(i) € {iN,, iNy+ 1, ..., (i+1)N, - 1}
such that df """(E}) e U,
P,=0 otherwise. (In this case, we set m(i) = (i + )N, — 1.)
Put m(p) =p- N,. Then we have, for u € df"E; ,

ldf “ull/ull < exp(2K N,) - ldf ™~

(3)

|df"+m(0)E; “

p—1
< exp (2KN0 + Z{log(Zr) <P —x{m(@i+1)-m(i)}-P,
i=0

+K{m(i+1)-m(i)}(1 - Pi)}>

< exp <2K N, + p - log(2r)

p—1
— x{m(p) = m(0)} + (K + )Ny > _(1 - Pi))

i=0

IA

p—1
exp <4KN0 + (k/Ny) - log(2r) — xk + 2K Ny > (1 — P,.))
i=0

IN

p—1
exp <4KN0 —exk + 2KNOZ(1 - Pl)) -exp(—(1 — 2&)xk)|\ull .
i=0
This implies (3). Applying Lemma 4, we have

m'({n e N|p’(n) < exp(4KNy)}) > 1-5n=1—(¢(1 - 28))(/21()2.
Since p’(n+1) < exp(K)- p’(n), we can see that, if /°(n) > exp(4KN,), there
exists k € Z" such that

(1/k)#(En,n+1,...,n+ k=130 {jlp’(j) > exp(4KN,)}) > &(1 —2¢)x/2K .
Again by Lemma 4, we have

/n'({n eZ|IF(n) < exp(4KN,y)}) > 1 - 5(e(1 - 2¢)x/2K) > 9/10.
Similarly, we can show (2) j =u, y for sufficiently large R. O
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3. IMPROVEMENT OF LYAPUNOV METRIC
In this section, we fix y € (0,107"), k € Z* and denote A’;,z = A,
l"l;,, =I,, UA =A and U, T, =T, simply. We define a measurable Rie-

mannian metric (-, -)Z on A, which is sometimes called Lyapunov metric, in

the following way: for v, =v; +v; (v €E,, v/ €E,, i=1,2),

"
(1)1 ’ UZ)x = (vl ’ v2)x + (vl > UZ>x

where -
k
(vy, v3)" = (df vy, df ;) - exp(2(1 — 2¢)xk)
k=0
and -
(i oy = Sqdf ol df oy - exp(2(1 - 26)xk) .
k=0
The corresponding norm we denote by || - ||Z. This metric has the following

properties (cf. [P1]):
(') we have, for every u € E,
exp(~K) < ldf, ()l /luliy < exp(~(1 — 2¢)xk)
and, for every v € E, ,

exp((1 — 2¢)x) < [ldf, (0)II7,/ 0]} < exp(K)

where K = max{|log||df(v)| —log|lv|[||ve T,M, x € M}.

(b') oneach A, (/>1), (-,-), depends on x continuously.

() (/2N < - Uy < 482 (1 = exp(=2ex) ") - ||, for x € A,.
From this metric || - ||”, we construct another metric || - ||’ on A with the
properties that enable us to apply the techniques for uniformly hyperbolic sets
to the set A. Let us define a function /: A — R by /(x) =min{/ > 1|x € A;}.
Then it satisfies, for m € Z and x € A,

I(f"x) < I(x)exp(ex|m]).
Lemma 5. There exists a function A: A — R which is continuous on each A,
(I > 1) and satisfies, for every x € A and me Z,
2
C-I(x) 2 A(x) 2 max{|[v]}/|lvll,| v € T, M}

and A(f"x) < A(x) -exp(dex|m|) where C is a constant.
Proof. Put A’ (x) = sup{|jv|"/|lv|llv € EL~0} (j=s,u) and A”(x) = (angle
between ES and E¥)™'. Then A’ (x)(j =s,u, ) is continuous on each A,,
and satisfies, for some constant C > 4, 4’(x) < (v/C/2)I(x). Put

A (x) = max{1, max{A’(ka)exp(—Zexlle k e Z}}
= max{1, max{4’(x) exp(~2ex|kl)| |k| < log(vVCl(x))/ex}},

then A’ (x) is continuous on each A, and satisfies, for x € A and m € Z,
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A (f"x) < A’ (x) - exp(2ex|m]) and 4’ (x) < A (x) < (VC/2)-I(x). It is easy
to check that the function A4(x) = 4-A4”(x)-max(4’(x), 4%(x)) satisfies all the
conditions. O

We denote, by exp,: T, M / M , the exponential mapping at x € M defined
on Z(exp,) = {v € T M| |jv|| <ry} where r, is the injectivity radius, and set
~1
f.=(exp,) o fo(exp,): T .M/~ T, M.

Since M is compact, we can find constants a = a(f) >0 and g = B(f) >0
satisfying the following conditions, for every x € M ,

(1) 2(f)>D(x,a)={veT M||v|<a},

(2) for every w, z € D(x, ), we have

(1/2)||lw - z|| < d(exp, w, exp, z) < 2|jw — z||

and

d(f)y —d(f) Il < Bllw - z||
where we denote the operator norm with respect to the norm || - || by the same
symbol || -||.

Proposition 6. For any D > 0, there exists a measurable Riemannian metric
(-, -); and the corresponding norm || - ||; on A with the following properties:

(a) exp(—K — 4ex) < ||df (W)l /llull, < exp(—(1 — 6e)x) for every u € E,
and exp((1 - 6¢)yx) < |df, ()|, /vl < exp(K + 4ex) for every v € Ey .

(b) On each A, (I >1), the metric (-, -); depend on x continuously.

© -, <l I <Cp )Y - |, where Cp, is a constant depending on D .

(d) For every w, z € D(x, @), we have ||d(f,), —d(f,).II' < Dllw - z|,
where we denote the operator norm with respect to |- ”; and || -||'fx by the symbol
(R

/ !’

() D(x,a) D {(v,u) € Ei GBE;‘ = T M| |lul| < «, ||vl| < x} where
Kk=exp(K+1).

(f) E; and E¥ are orthogonal with respect to (-,-) —x.

Remark. Much the same type of metric can be found in Pugh and Shub’s recent
work [PS, 3.8]. But we give the proof of this proposition here because we need
the continuous dependence of the metric || - ||; on x (which is not stated in
[PS]) and because we will treat the metrics on the set I" in the parallel way.

Proof. Let A(x) be the function which we constructed in Lemma 5, and set
Il-1'=c-A)||-||" for ¢ > 1. Then we have, for w, z € D(x, a),

n

1d(f,),, — d(f). I = A(fx)Ax) ™ 1d(f,), — d( ).
<28 A(fx) A(x) " w — z||
<4pf-cA(f) A Hw - 2|

<4B-c"-exp(8ex)w - z||'.
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Therefore, if we take sufficiently large c, then || - ||’ satisfy the condition (d).
We can check the other conditions easily. O

Next we construct a family of metrics on I' which has the properties similar
to ||-|' on A. We denote, by (Ej)l , the orthogonal complement for Ei
with respect to the inner product (-,:), for z € I'. Let us define an inner
product (-, )7  on T;n,M for z€T and n € Z' in the following way: for

z,
s t N n s t n s\ .
v, =v;+v; (v;€df E,,v,edf (E)7),j=1,2)

" s s\ t INZ
(vl ’ Uz>z,n = (vl ’ v2>z,n + </Ul ’ U2>z,n

where
(i, v3)7 =S (df v}, df “v) - exp(2(1 - 2¢)xk)
k=0
and

vy, v3)s = S (df vy, df Fuy) - exp(2(1 - 2e)xk).
k=0

"
z,n"

The corresponding norm we denote by | - || Then it has the following
properties:

(a”) we have, for every u € df"(E}), n>0,
exp(—K) < df (W)l; ., /Iull} , < exp(—(1 - 2¢)x)

and, for every v € df"((E;)J') ,n>0,

"

exp((1 - 28)x) < ldf I} . /llull; ., < exp(K),

(b”) oneach I, (/>1), (-,-); o dependson z continuously.

) (2NN, D07, < 81*-exp(2exn) - {1 - exp(=4ex)} ||| . for
zel', and n>0.

The properties (a”) and (b”) can be checked easily. But, in this case, the
property (c”) is not so obvious. We prove it here. Let us fix a decomposition
T,M = E; @ E. satisfying the conditions in the definition of I';. For any
v € Tp,M (n>0), we consider a decomposition v = v* + 0" +v™ such that
v*, v° edf"(ES), v" edf"(E¥) and v' = v" +v™ e df"((E})"). Then we
have

[o™]l < (siny(z, 1))~ ]| < (2L - exp(exm))|v]l,
[0° + 0" < (21 - exp(exn))||v]|
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and, for 0<k <n,
ldf ™ v™ )| <1 exp(ex(n — k)) - exp(—xk) 0"
< 2% exp(ex(2n — k)) - exp(—xk)|[v]]
ldf " || < 1 exp(—x(n — k))|ldf 0"
<l-exp(—x(n—k))|df "v"|
< 20 - exp(exn) - exp(—xn)|v] .
Combining these, we can get, for 0< k <n,
ldf ~*v'|| < 41 - exp(2exn) exp(—xk)||v]|
and, for 0 < k,
ldf “v*|| < 1-exp(exn) - exp(—xk) - (Jv° + 0" + 0"}
< 4l* - exp(2exn) exp(—xk)|v]] .

Therefore,
W'll” , < 4 - exp(2exn){1 — exp(—4ex)} ]
and
" 4 —-1/2
W17, < 41 exp(2exn){1 — exp(~4ex)}~|lvl,

and we get the right inequality of (c”). The left inequality can be seen easily.
Proposition 7. For any positive number D, there exists a family of inner products
{ ), i Ty, M xTn.M —R|zeT,neZ'}

satisfying the following conditions:
(a) exp(—K —6ex) < ldf (w)ll’, ,.,/llull; , < exp(—(1 — 8&)x)
for every u € df"(E}) and

exp((1 — 8e)x) < df () .\, /IIVI, , < (K + 6ex)

for every v e df "((ES)").
(b) oneach A, (I>1), (-, -)'z’0 depend on z continuously.
© I-N <, o< Cp-I"l- 1l if z €T, where C,, is a constant.
(d) For every w, y e D(f"z, a),

14 (£ = AN, g ey < Dllw = Il

’

2 n ns1 denote the operator norm with respect to the

where x = f"z and | -||
li
and |- ||

!/
norms || - || zonel

z,n

(e) D(f"z,a) > {(v,u) €df"(E")@df"(E)")| Ivll} , < x, ull} , < x}
where k = exp(K +1).

z,n =
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(f) df"(E}) and df"((ES)™) are orthogonal with respect to -, Vi on-
Proof. Put,for zeT and n>0,

A'(z, n) = sup{||v]l} /vl n,lv € dfLE}},
S\l

A'(z, n) = sup{|[vll ,/Ivll » v € df J((ED) )}
A”(z, n) = {angle between df "E; and df "(E))")} ™',

and

Az,n)= (supffj(z,k)exp(—3sxk)> -exp(3exn),  j=s,1,7,
k>0

A(z,n)=4-A"(z, nymax{4A’(z, n), 4'(z, n)}.

Then we can see that, if we take a number ¢ > 0 sufficiently large, the metric
(-, ). = (c-A(z, m))*(-, )", satisfies the conditions in the proposition. O

z,n

Let us prepare some facts from the invariant manifold theory. Let E be a
Euclidian space such that dim £ = dim M. The corresponding inner product
and norm, we denote by (-,:) and | -|. We fix an orthogonal decomposi-
tion E = E° @ E* with dimE’ = k, and setB’(r) = {v € E’| |v|| < r}
(j =s,u) and B(r) = B’(r) x B“(r) C E. Let D*(B(r), E) be the set of
c? diffecomorphisms from B(r) into E endowed with C? topology, and let
L(r) C DZ(B(r) , E) be the set of linear isomorphisms 4: B(r) — E which sat-
isfies h(EjnB(r)) CE’ (j=s,u) and, for u€ E°NB(r) and v € E“NB(r),
we have

exp(=K — 621) < [|h(w)|/llull < exp(~(1 - 8&)%)
and

exp((1 - 8e)x) < |h(v)ll/|lv]l < exp(K + 6ex).

Then we can find a neighborhood 7~ of the compact subset L(1) in DZ(B (1),E)
with the following properties:
For any countable family F = {f, € 7'|i € Z},

(P1) W (F) = fy o fi o 0 £/ (B°(1) x {0}) (resp. V,'(F) = f o0-o
f_,(B*(1) x {0})) is the graph of a C' mapping

¢,(F): B’(1) - B*(1)  (resp. p..(F): B“(1) - B'(1))

with
de, (F) [l < (1/2)  (resp. |ldg, (F) Il < (1/2)),

(P2) (pf,(F) (resp. (p:(F)) converges toward a c! mapping

o, (F): B'(1) - B“(1)  (resp. ¢": B*(1) - B’(1))
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in the C' sense, uniformly in F € 77 and, moreover,

graph(¢}_(F)) = V'(F) = ﬂﬁ) £ (B(1))

(resp- graph(¢. (F)) = V*(F) = [, o---°f_,~(B(1))> ,

(P3) for any w, z € V*(F) (resp. V*(F))

1/ (w) = f"(2)]| < exp(=(x/2)n)|w — 2|
(resp. ||/ ™" (w) = /7" (2)]| < exp(—(x/2)n)|w - z]),
(P4) for any n >0 and

w,zeV (ﬂfo" of (B (1))),

we have
—1 < log{Jac(df " |T,, V" (F))} - log{Jac(df " |T,V"*(F))} < 1

where ﬂ") = f,o0---o f, and Jac(-) denote the Jacobian with respect to the
Riemannian volumes on the domain and the image induced by |- ||.

See [HPS] for (P1), (P2), (P3) and we refer [M, 1.3, Lemma 3.2] for (P4).
For this 77, we can find a positive number D, such that, if &, € D? (B(k), E)
and h,, h, € D*(B(2), E) satisfy

A, —idl|» < Dy, |lhy—id||.2 <D, and |h,—h|2 <D,

for some h € L(2) (||-||-> denotes the C? norm), then hl_1 oh, °h3|3(1> e .
Let us fix families of metrics (-, -); and (-, -)'z , Which we constructed for

D = D, in Propositions 6 and 7. Then, from the choice of D, and properties
(P1)-(P3), we can get the following proposition.

Proposition 8 (Pesin’s stable manifold theorem). A. There exist families of C !
embedded disks Vi(z) (z €T) with the following properties:

(1) z € Vi(z) and T,Vi(z) =

(2)yoneach T, (I >1), (z) depends on z continuously in the C' sense,

(3) hmsupn_.oo(l/n)log d(f w, f'y) < —(1/3)x for w,y € V( ).

B. There exists families of C! embedded disks VA( x) and V(x) (x € A)
with the following properties: . ‘

) {x}=Vi(x)nV(x) and TV (x)=E, (j=s,u),

(2) on each A (1> 1),V (x) and V| (x) depend on x continuously in the
C' sense,

(3) limsup, ,_(1/n)log d(f"w, f"y) < =(1/3)x for w,y € Vi(x) and
limsup, _(1/n)logd(f™"w, f™"y) < —=(1/3)x for w,y € ¥y (x).

Remark. The properties A(2) and B(2) are the consequences of the uniform
convergence in (P2).
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Before closing this section we prove

Proposition 9. If the Lyapunov exponents A,(y), i = 1,2,...,dimM at a
point y € % satisfies

L)< <A ) <—(1-4e) g <0< (1=4e) " g < Ay ()
< e S)'dimM(y)’

then y is contained in W*(A,) for some large [ > 1.

Proof. From Proposition 3, there exists /" > 1 such that y € flll . This implies
uy(l"lu) > 0. On the other hand, by Oseledec’s theorem and Lemma 2, we
have u,(A) = 1. Therefore we can find a point x in I'v N A such that a
subsequence {f° "0y e I',i}2, converges toward x . Since the embedded disks
Vi (x) and V\(x) intersect transversally at x, from Proposition 8 A(2), we
can find j € Z" such that V)'(x) and Vj(f "()p) intersect transversally at a
point z. Put E5 = T,V2(f""y) and E¥ = T,V(x). Since z € V}(x) and
z€ Vlf(f"(j)y) , we can find a constant /' > 1 such that, for me Z*, ne Z*
and for u € df ""(E}) and v e df ""(E}),

V4
@ lldf "ull < 1" exp(exm) exp(—xn)|lul|,
-1
ldf "vll > (I exp(exm))” exp(xn)|lv]|
and
-m S -m u ! -1
(angle between df " (E,) and df " (E,)) > (I exp(exm)) .
Since z € VZ(f "()}), the point z is regular for 1, . Applying the same pro-
cedure which we have used in the proof of Proposition 3 to the decomposition
T.M = E°®E", we can see that the point z is contained in A, for some large
z z z ; 1

/. (Remark that we know, from (4), p.J(n) < I'-exp(ex|n|) for n <0 in this
case.) Therefore we have y € W*(f "V z) ¢ Wi(A). O

4. CONSTRUCTION OF ERGODIC SINAI MEASURES

Except the last part of this section where we prove the main results, we fix the
number 0 < y < 107" and k € Z* and use the notations in §3. In this section,
we denote, by || - ||; , the metric on A which we constructed for D = D, in
Proposition 6. At each point x € A, we fix an isometric linear map

T (E ) = (T ML)

which takes E° and E“ to E, and E, , respectively. Let us consider a count-
able subset Q of theset & = {(x, k) e AxZ'|x € A )} satisfying, for

every ne Z",

exp(exk

(5) #{(x,k)eQlk =n} <.
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The “transition matrix” for Q, 4, = {a q'r} 4.reQ> is defined in the following
way: for ¢ =(x,n) and r=(y, m),

a, ,=1 if |n —m| <1 and

fy = r;l oexp;lofoexpxorx: E/E
is defined on B(1) and f, |5, €7,

a, ,= 0 otherwise.

The corresponding symbolic dynamics is y: X, — X, :
X,={0o: Z—>Q|a olit]) —lforeveryieZ}, w(o)(i)=o(i+1).
Then we can define, for o€, (0(0)=(x,n)),
Vk’)c( =V ({fo(.ati+1)}icz) CE  (see the property (P2) of 77)
V(o) = exp ot (Vo (o)), j=s,u,

and

8(0) = Ve() N Vjoe (0)

Put *(0) = U0 /™ (Vee(¥'(9))) and V¥(0) = U0/ (Vae(¥ '(0))) . Fora
subset Z C X, , we denote the sets |, ., loc( o) and U, Vj(a) by I/]({C(Z)
and V/(Z) (j=s, u), respectively.
Lemma 10. (1) ©: X, — M is continuous.

(2) fo®=Boy,

(3) V¥(o) and V*(a) are injectively immersed manifolds and characterized
as, for 0 € Z,

V(o) = {y e M [limsup {(1/n)log d(f"x. "¥)} < —(1/3)x}

n—oo

y € M |limsup {(1/n) log d(f"x,f"y)}s—Ssx},

V(o) = {y e M fimsup {(1/m)log d( ", £~"¥)} < ~(1/3)x
{y € M |limsup {(1/n)log d(f"x, f~"y)} < —58x}
where x = 6(0).

(4) If 6(0) = '(0) for o, o' € Xy, then V! (o) and V! (d') are disjoint
or identical (j=s,u).
Proof. (1) and (2) are easy. We prove (3). From the definition of v’ (F) in
(P2) (§3), we can see that for i € Z', 7'V (w'™"'0) o V. (v'o) and
f(Vl:c(u/_' o)) o V(v o). Therefore V/(6) (j =s,u) is an injectively
immersed manifold. If y € M satisfies

(6) limsup(1/n)log d(f"x, f"y) < —5ex
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then, from Proposition 6(c), we can find a number N > 0 such that, for n > N,
f'ye exp n, T (B(1)),

and this implies that y € V*(g). On the other hand, we have, from Proposi-
tion 6(c) and (P3), that any point y € V°(g) satisfies (6), replacing 5¢x by
—(1/3)x . Similarly, we can get the characterization of V*“(g). (4) can be seen
from (3). O

Proposition 11. There exists a countable subset Q of € with the property (5)
and the following property (7): For every z € A, there exists an element g € X,
which satisfies ©(c) = z and, for every m € Z,

exp{ex - (n(m) — 1)} < I(f"(2)) < exp{ex - n(m)}
where a(m) = (p(m), n(m)) € €.

Proof. Foreach ne€Z and y € Aexp exn) > there exist a neighborhood U;,n of
y in Aexp(ex k) and a continuous vector bundle isomorphism

.U

iU, o xE— TUy,‘nM
such that %y(y, v) =1,(v) and, for each point w € Uy"n , the map

%hw

t,(w,): (E, |[-1) = (T,M, ||-1,)

is an isometric linear map which takes E’ and E to E; and E,, , respectively.
If we choose a neighborhood U, , C U, , of y in Aexp exk) Sufficiently small,
then we have

-1 -1 .
(T, , oexp, oexp, ot, —id)|pllc2 < Dy

for every w € U, ,»and U, , Cexp, ory(B(l)). Take such U, , for every

yE€ Aexp(sxn) and every n € Z" . Since A xpiexn) 1S @ cOmpact set, we can choose

a finite subset Q  of Aip(exm SO that {U, |p € Q,} covers A, ... Put

Q=,Q, x{n}) c#. We prove that this set Q has the property (7). For a
point z € A, choose a(m) = (p(m), n(m)) € Q for m € Z so that

exp{ex - (n(m) — 1)} < I(f"z) < exp{ex - n(m)}
and f"'(z) € Upim) . n(m) - Since

- -1
Joimy.otmen By = Tp<m+1> © XD 1) O © €XPp () OTp(my (1)
~—1 —1
= Tomen), m2) © e"pf’"“ ) © X 1) °Fp(ms1))
~—1
) (‘cp(mH)’f...ﬂ( o expf,,.ﬂ ofo eXp g, orp(m () )

-1

~—1
° (Zp(my, 2 © expf"‘z ©€XD) (1) T p(m))| (1) >

from the choice of the number D, we can see that

Jotmy.omen)lBy €7
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and, therefore, Ay o(me1) = 1 for m € Z. Since 1_ ( oexp f (z) € B(1)
for every m € Z, we have ©(c)=z. O

Let us fix a subset Q C & with the properties (5) and (7), and put, for

p=(x,n),
x, —{aezgw 0)=p)

and T, = {0 € X | ({m € Z|o(m) = p}) > 0 and ¥;(0) N Ayoym) # B} -
Then we have, from (5) and (7),
(8) U Uf—l(e(z;)) 2 UKexp(sxn) = UKI .

peQi=0 n li

Let L, C B(1) (j =1,2) beagraph of a Clmapping 9 B“(1) — B’(1)
which satisfy

9) ldg,(x)] < (1/2)  for x € B(1).
We define a mapping
S(L,,L,): L, N Ve

loc

(Z) = LNV,

(Z )5
by

S(Ly, L)(L, NV (0)) = L,n ¥, (0) foroeX,.
Lemma 12. (1) S(Ll, L,) is continuous.

(2) S(L,, L,) is absolutely continuous with respect to the Riemannian volume
on L, induced by the norm | -||. Moreover, there exists a constant C, >0 such
that

¢, < |Jac(S(L,, L,))(x)| < C,
Jor every x € L, N loc( ;) for every L, and L, satisfying (9) where Jac(-)
denote the Jacobzan

These properties are called ‘absolute continuity of the family of stable mani-
folds’ and, for the proof, we refer [PS] and [KS]. (The original proof is contained
in [P1].)

Now let us construct ergodic Sinai measures. We fix p € Q for which loc(}.". )
has positive Lebesgue measure. Since E; # &, we can find an element p € Zp
such that t//i(p) = p for some i € N. Obviously, ©(p) is a hyperbolic periodic

point.” Let us denote, by AO, the Riemannian volume on IZ(’)‘C(p) induced by

the norm || - ||. By Fubini’s theorem and Lemma 12, we have

Ao(Viae(P) N Vo (£)) > 0.
Put &, ={o¢ T olo(—i — k) = p(~i) for every i > 0} for k € Z". Then,
V(o) C fk lé‘c (p)), we can find a finite subset @,  of @,

u
geD, " Vloc

since U, eq, ,

such that |J (o) is the disjoint union of {V,’ (d)|o € (I);(’ o) - We set

n—1

iy = (1/n) (1" o exp, ot,), (%)

k=0
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and »
v, = (/MY 3 (F oexp, 0n,), Ul )
k=0ge®, ,

Then we can find a subsequence {n( j)}joil such that Hon(j) and Vy(j) converge
to some measures /i, and v in weak topology, respectively. Obviously, I is

p
f-invariant and v, is absolutely continuous to Iy - Since V* (Zp) is a compact

loc
set, we have supp(v, ) C VIOC(Z ).
Lemma 13. v (VIOC(Z ) >0.
Proof. Define a function ¢, : loc(p) n VIOC(Z ) — R by

E,(x)=(1/n)max{#{0<:<n —1|a()=p}|oezp,8(a)=x}.

Then we have
loc / é dj'

and, therefore, by the compactness of loc(Zp) , we have

v (Vloc(Z )) > hrfnmf &, dA,
2/~ ~ {hmlnfﬁ }
(e (PINWise(Z,) + 17
>0. O

Let us call a Borel set X c V°

loc
U-set) if X =V, (Z) (resp. ¥ =V,

loc

(Zp) (resp. Y C KOC(Z )) is an S-set (resp. a

(Z)) for some subset Z of Zp.

Lemma 14. There exists a constant L, such that, for any S-set X and U-set
Y, we have

(10) L' < (w,(XNY)/(0,(Y) x (X N V() < L,

where Ay = (exp,ot,),4,.

Proof. From Lemma 12(1) and the counter part of it for unstable manifolds,
it is enough to prove (10) in the case X and Y are compact. Take decreasing
sequence of S-set {X;} and U-set {Y.} such that ﬂ‘f’o X =X,N5Y, =Y
and that X; is open in V] loc(Z: ) and Y, is open in V" (%,) . Then we have

i loc

v, (Y) = lim llmmfu )(Y))

i—o00 ny

and v (XNY) =lim, lim inf, (X;NY,). On the other hand, by (P4)

I—00 j—o0 nj)
and Lemma 12, we have
(e C,) 1 (X)) (X, NV (9)) < vy (X, N Y))
< (e C vy (Y) - 2(X, NV (p).
Therefore we have (10) for L, =e - ¢,. o
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Lemma 15. For any continuous function ¢: M — R, the time average

n—1 .
¢,(x)= lim (1/m)y "o f'(x)
i=0
exists and is constant for up-almost every x € Vloc
every x € Vo (2)).
Proof. For a € R, the sets

( p) and for Lebesgue almost

x° = {xe 1Oc(.'f. )|¢, does not exist},
X, ={x € Vi (£)I@, > a},
X, = {x € Ve (5)lg, <a}

are S-sets, and the sets

n—1

¢_ = lim (1/n) Y pof ~!(x) does not ex1st}
i=0

={x €V (EIo_20a}, Y, ={x eV (Z)l§_<a}
are U-sets. Remark that, for up-almost every point x, ¢_(x) and @_(x) exist

and coincide. Therefore, by Lemma 14, we can see that the Lebesgue measure
of X° is zero, v,(Y°) =0 and that, for any a € R, either

Y’ = {x € Ve(Z,)

up(Y:) = 0 and the Lebesgue measure of X: is zero

or

v,(Y, ) = 0 and the Lebesgue measure of X is zero.

These imply the conclusion. O

The above lemma implies that there exists an ergodic component j, of T
to which v, is absolutely continuous.

Definition [L]. A measure u is said to be absolutely continuous with respect to
unstable foliation if, for every measurable partition ¢ such that the elements
satisfy u-almost everywhere, C :(x) C w*(x) and uWum(C :(x)) > 0, the

family of conditional measures mi on Cy(x) has the following property: mi
is absolutely continuous with respect to sy, p-almost everywhere. (Cy(x)

denote the element of ¢ which contains x and sy denote the Lebesgue
measure on W*(x) = {y € M|limsup,_,_ (1/n)logd(f "x, f~"y) <0}.)

Remark. For an ergodic measure u whose exponents A,(u) satisfy

M) <A )< <A ) <—(1+e)x <0< (1 +e&)x
<A’k+l() <’1d1mM('u)’

V*(x) and W*"(x) coincide almost everywhere. (See Lemma 10(3) and remark
that we can take the number ¢ arbitrary small.) Therefore, we can replace the
word ‘W"(x)’ by ‘V*(x)’ in the above definition.

(11)
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Proposition 16. The ergodic measure i, has the following properties:
(1) &, is absolutely continuous with respect to the unstable foliation.
(2) supp iz, = closure W*(0(8(p))) = closure{W"(o(8(p)))NW*(0(8(p)))} -
(3) The set of points which are regular for i, has positive Lebesgue measure.

Proof. (1) Let ¢ be a measurable partition which satisfies C,(x) C W*(x) and
Pypn(x (C é( x)) > 0. Lemma 14 implies that the the absolutely continuous part

of m (x € A) with respect to e ) does not vanish for x € 9(2;). Since

the integration of the absolutely continuous part of mi (x € A) with respect
L is invariant under the action of f and since i, is ergodic, we can

see that mi

everywhere.
(2) From the construction of v, , we have

is absolutely continuous with respect to s x) for ﬂp-almost

i, (closure{W*(0(8(p))) N W*(0(8(p)))}) > 0.

Since i, is ergodic, we have
supp £, C closure{W"(0(8(p))) N W’ (0(8(p)))} .

On the other hand, since W’(©(p)) intersects V,

loc( ) forevery g € Zp trans-
versally, and supp i, D Vloc(ao) for some ¢, € Z, . Therefore, we have

W“(0(8(p))) C closure (Uf (g )) C Suppi, .

(3) If a point x € V]oc(a) is regular for ft, , then every point in Vlfm(a) is

regular for Ky - Therefore the set of all points in VIOC(Z;) which are not regular

for i, is an S-set. Since v,-almost every point is regular for i, , we can see,

from Lemma 14 and Lemma 12(2), that Lebesgue almost every point in IOC(Z )
is regular for i,. O

From (8) and the above prgof of Proposition 16(3), we can see that Lebesgue
almost every point in V*({J, A ip(eym) 18 regular for one of measures {2,| Vks)c(Z;)
has positive Lebesgue measure}.

Proposition 17. If u is an ergodic Sinai measure whose exponents satisfy (11),
then there exists p € Q such that u = ,[t

Proof. Since u Un>0UpEQf_ 08X )) =u U[ =1,wecanfind pe Q
such that u(e(zp)) > 0. Consider a measurable partmon ¢ such that Ci(x) C
W*(x) and Myt (Cé( x)) > 0 p-almost everywhere and C,(x) = e(Z)n

p
V(o) for o € Z and x = ©(ag). Since mi is absolutely continuous with

respect to Lebesgue measure on W"“(x) for u-almost every x € 8(2;). We
can see, from Lemma 12, that there exists an S-set X C Vlfm(%) with positive
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Lebesgue measure such that every point in X is generic for 4. From Lemma
15, u=4 . 0O
p

Now let us vary the values of y € (0, 10_') and k € Z*. Denote, by
Ve, (), the set ¥’ (x) which we constructed for fixed x and k. From Propo-
sition 9 and Lemma 10(3), we have

(12) Zcw (Uﬂ U UAG m, 1) U U Vi (tym) (UA(l/m) 1) :

k n=1m=n | k m=1

Therefore we can get the ‘if part’ of Theorem A and Theorem B from the
fact that Lebesgue almost every point in Vks,X(U, A’;’ ;) 1s generic for ergodic
Sinai measures. From Propositions 17 and 16(3), we can see the ‘only if” part of
Theorem A. Since ergodic components of Sinai measures are also Sinai measures
(cf. [L]) and, from Theorem A, they are at most countably many, we can get
Theorem C(1) = (2). On the other hand, from (12) we can get Theorem
C(2) = (1). Proposition D can be seen from Propositions 17 and 16(2).
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